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This document is a summary of AMC questions about divisibility. swers and explanations
are in our Youtube Channel.
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Question Distribution:

Eureka n

Year Easy (1-12) Intermediate (13- Hard (21-25) Total
20)
2021 10B 12 1
2020 10A 6, 15, 22,24 4
2020 10B 7,12 14, 22, 4
2019 10A 9,11 15 25 4
2019 10B 14,19 2
2018 10A 7 17 22 3
2018 10B 11 14,16 21,23,25 6
2017 10A 16 1
2017 10B 14 23 2
2016 10A 22,2 2
2015 10B 23 § ® 1
2014 10B 12 17 2
2013 10A 13 N 1
Total @) 12 33
®
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Commonly Used Knowledge

Divisibility Rules

* Divisible by 2: All even numbers (Numbers with unit digit as 0, 2, 4, 6, 8).
* Divisible by 3: Sum of the digits divisible by 3. Example: 111 as 1 + 1 + 1 is divisikle by 3.
* Divisible by 4: Last two digits divisible by 4. Example: 1024.
* Divisible by 5: Numbers with unit digit as 0 or 5.
* Divisible by 6: Divisible by 2 and 3.
* Divisible by 8: Last three digits divisible by 8. Example: 2048.
*  Divisible by 9: Sum of the digits divisible by 9. O
* Divisible by 10: Numbers with unit digit as O.
* Divisible by 7: Q
* Fromright to left, divide the number to groups of WS.

*  From right to left, subtract even number of groups odd number of groups.
* Sum all the results. N
* If the result divisible by 7, the number isfdivisible oy 7.
* There are other rules for divisible by 7. Find the one easier for you to remember.
* Example: 1234567
* First, we have 1, 234, 5
* Then we get 567 - 23 =47 X7 +5, soit’s not divisible by 7
* Another example: 1234569 @
* First, we have 1 2
* Then we get 3 +1=336=48 X7, soit’s divisible by 7
* Divisible by 11

places.
in‘odd places.
* Find the differenee between the above two numbers.
*  The resdlt must be divisible by 11.
* Exa 789,789

. f€ven digits=7+9+8=24
Qfodd digits=8+7+9=24
&e ifference is 0 (multiple of 11), so the number is divisible by 11.
& divisibility by a composite number n (doesn't prove anything when n is prime),

Q find 2 numbers, d; and d,, such as LCM(d;, d,) is n. Then, n is divisible by the
umber if and only if the number is divisible by d; and d,.

Number of Divisors

If a number can be written as a product of prime factors: n=p2qP°r¢... then the number of
divisors,d(n)=(a+1)( b +1)( c +1)...
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12 =22*31
12 has (2+1)(1+1) = 6 divisors. They are 1, 2, 3, 4, 6, 12.

Legendre's formula

The exponent of the largest power of p that divides n/

vp(n!) = ———
—1
: -
Where sp(n) is the sum of digits of n in base p.
Example: -\‘
.| 6 6 6
= —|=|3 —|=3+1=4
n®) =3 |5 _2_+{4J 3+1=4,
6 6
V3 6')= — | =|=| =2,
( ;3 |3
| 6 6
vs(6!) = —|=[=] =1
(6!) 2 5]~ |5

Example \
6is 110 in base 2, 20 ingbase 3 and 11 in base 5. We can get the same result as the previous

slide. c ®

Prope LCM and GCD

on multiple (LCM) of two integers is the smallest positive integer that is a
% both. The greatest common divisor (GCD) of two integers is the largest positive

integendividing both.

The product of the two numbers is the product of the LCM and the GCD.

If GCD(a, b) = m, LCM(a, b) = n, then ab = mn.

Also:

alnb|lnmj]am]|b
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Euclidean Algorithm

Euclidean Algorithm is a way to get the greatest common divisor (GCD). The basic format of
Euclidean Algorithm is:

gcd(a, b)

=gcd(a-b, b)

=gcd(a, b -a)

We can also use the Euclidean Algorithm the reversed way:

gcd(a, b)

=gcd(a + b, b) O
=gcd(a, b +a) <

Example: v ®
gcd(99, 81)

=gcd(99 - 81, 81) N

= gcd(18, 81) %

=gcd(18, 81 - 18 * 4)

=gcd(18, 9) %
=gcd (9, 9) %
<

if p is a prime number, then for a teger a

Fermat's Little Theore

a’? =a (mod p)

Example:

Leta= 5p 5 11160 *7 +5
So:57=

If 3.is aet divisible by p, we also have
a?1=1 (mod p).

Example:

8651 =1 (mod 5)
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Chinese Remainder Theorem

The Chinese remainder theorem asserts that if the ni are pairwise coprime, and if ay, ..., akare
integers such that 0 < aj < n; for every i, then there is one and only one integer x, such that 0 < x
< N and the remainder of the Euclidean division of x by n; is a; for every i.

z=a; (mod my)

z = ay (mod my)

(S):

z = a, (mod m,)

n
M:ml Xmgx---anzl—[m.;;

Mizﬂl/m,:, Vie{l,Z,---,n} QO
t:M; =1 (mod m;), Vie {1,2,---,n}. N °
T=aty M) + asyto My + -+ - + apt, M, + kM = kM + Za,-t,-M,-.

w_E a;it; M; ==atiM+atsMy+ -+ anty M, + kM = kM+Za,tM

i=1
i=1

Example from in +the Sun-tzu Suan- chlng t@d century CE:
A numb == Z“Mnamder 2 if divided mamder 3 if divided by 5, and reminder 2 if
divided by /.

First, we know:

ml=3,m2=5 m3=7.
M1=35,M2=21,M3=1
For the multiple of 35, 70«ivVide 3 has remainder 1. So t1 = 2 (70/35). Similarly, we can get t2

=landt3=1
The nu 0 ee tiM1 + t:M3 + t3M3 = 233. x can be any number which

x =233
Th st positive x is 23 (when k =-2)

=3 5*7—105,and

Polynomial long division

We know how to divide numbers. It might look strange to divide polynomials but it’s possible.
First, we order the items from biggest power to the smallest. If there is a missing power, we add
0 times that power instead. Then we can use the same way as long division.
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r — 10
2 2z + 1)z — 1222 + 0z — 42
3 — 222+

—10z% — x —42 @\

—10z? + 202 — 10
(JO

—21z — 32

®
Sophie Germain Identity \?‘

a* + 4b* = (a® + 2b® + 2ab)(a® + 2b> — 2ab)

Recent Problems (2015 1)

2021 AMC 10B Pxo Q

Let N = 34 34 x 70 What is the ratio of the sum of the odd divisors of N to
orsyof

the sum of the even divi
(A)1:16 )1 15 (C)1:14 (D)1:8 (E)1:3
2020 BDA Problem 6

Howsan 4-digit positive integers (that is, integers between 1000and 9999, inclusive)
having 6nly even digits are divisible by 5

(A) 80 (B) 100 (C) 125 (D) 200 (E) 500
2020 AMC 10A Problem 15
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Eureka n

A positive integer divisor of 12%s g’lrlfsen at random. The probability that the divisor chosen is a

perfect square can be expressed as 71, where T1and Tlare relatively prime positive integers.
What is 770 + 722

(A) 3 (B) 5 (C) 12 (D) 18 (E) 23
2020 AMC 10A Problem 22

{998 999 *d@
For how many positive integers n < 10001s

divisible by 3? (Recall that L$J1s the greatest integer less than o ual to J)

(A) 22 (B) 23 (C) 24 (D) (E) 26
2020 AMC 10A Problem 24 ,))

Let Tlbe the least positive integer greater than

is the sum of the digits of 71?

(A)12  (B) 15 (@S (D) 21  (E) 24

2020 AMC 10B \
How many positive evéh m t1p es of Sless than 2020are perfect squares?

(A) 7 (C)9 (D)10  (E)12
2020 ﬁ@ B Problem 12

O 1

The decimal regresentation of 2029 consists of a string of zeros after the decimal point,
followed by a Jand then several more digits. How many zeros are in that initial string of zeros
after the decimal point?

(A)23 (B)24 (C)25 (D)26 (E)27
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2020 AMC 10B Problem 22

What is the remainder when 2> + 202is divided by 20+ + 2°1 + 1

(A) 100 (B) 101 (C) 200 (D) 201 (E) 202
2019 AMC 10A Problem 9

What is the greatest three-digit positive integer Tfor which the sum of the first n&\

integers is T78OUa divisor of the product of the first Tpositive integers?

(A) 995 (B) 996 (C) 997 (D) 998(} ) 999
2019 AMC 10A Problem 11 b‘ ¢

e .. 9
How many positive integer divisors of 201 are per@% perfect cubes (or both)?

(A)32 (B)36 (C) 37 9 (E)41

2020 AMC 10A Problem 15 @&

A positive integer divisor of 12is chogen'at random. The probability that the divisor chosen is a

perfect square can be expresSed @, where 71and Nare relatively prime positive integers.
What is 770 + 722

(A)3 (B)& \ (C)12 (D)18 (E) 23

2019 AMQ Problem 25
™ (2 — 1)

: : . 1\ :
F(;r any integers Tlbetween land 50, inclusive, is (’I’l) an integer? (Recall that
0! =",

(A) 31 (B) 32 (C) 33 (D) 34 (E) 35
2019 AMC 10B Problem 14
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The base-ten representation for 19'is 121, 6T5) 100, 40M ) 832, H 00, where T,
M , and H denote digits that are not given. What is T + M + H ?

(A) 3 (B) 8 (C) 12 (D) 14 (E) 17

2019 AMC 10B Problem 19

Lt S e sttt i i giers o 10, D00t m"(Q\
(A) 98 (B) 100 (C) 117 (D) 119 (}@) 121

2018 AMC 10A Problem 7 V
2
For how many (not necessarily positive) integer values o lue of 4000 - 3 an
integer?
(4)3 (B4 (O)6 \@ (B) 9
2018 AMC 10A Problem 17 @
Let Sbe a set of 6 1ntegers taken fr 1 2}w1th the property that if Qand bare
elements of Swith @ < b @ a multlple of Q. What is the least possible value of an

element in S'7
(A)2  (B)J \0)4 (D)5 (E)7

2018 A 3@ Problem 22
Leta' % e positive integers such that ng(CL b) =24 ng(b C) - 36

54 1470 < ged(d, a) < 100

. Which of the following must be a
d1V1s of 4?

(A) 5 (B) 7 (C) 11 (D) 13 (E) 17
2018 AMC 10B Problem 11

Which of the following expressions is never a prime number when Pisa prime number?
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(A)p>+16 (B)p*+24 (C)p>+26 (D) p>+46 (E) p* + 96

2018 AMC 10B Problem 13

How man6 of the first 201 8numbers in the sequence

101, 1001, 10001, 100001, . . .yre divisible by 1012

(A) 253 (B) 504 (C) 505 (D) 506 @9

2018 AMC 10B Problem 16

Let @1, @2, . . ., A2018be a strictly increg(s)iil sequenc%@tive integers such that
ay + ag + - -+ + agnig = 2018 “Whit i mainder when

3 3 3
ay + @y + -+ + G018 divided by 62

A)0  (B)1 (C)2Q‘Sk:? (E) 4

2018 AMC 10B Problegi
Mary chose an even 4—digit She wrote down all the divisors of Tlin increasing order

¥ a
'S 0 ..
X . At some moment Mary wrote 323as a divisor of 2. What

1,2.4..
from left to right:
is the smallest possiblevalug of the next divisor written to the right of 3232

330 (C)340 (D) 361  (E) 646

(A) 324 Q?a
2018 B Problem 23

How mhany ordered pairs (a’7 b)of positive integers satisfy the equation

a-b+63 =20-lecm(a,b)+ 12 - ged(a, ), e ged(a, b)
4lem(

®

denotes the

greatest common divisor of and b, an a, b)denotes their least common multiple?

(A)O (B)2 (C)4 (D)6 (E)S
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2018 AMC 10B Problem 25

Let Ldeenote the greatest integer less than or equal to L. How many real numbers Isatisfy the

equation x? + 10) 000 I_xJ = 10, OOOQ},
(A)197 (B)198 (C)199 (D)200 (E) 201

2017 AMC 10A Problem 16 @

There are 10 horses, named Horse 1, Horse 2, . . ., Horse 10. They get their names from how
many minutes it takes them to run one lap around a circular race tfagk: Hor Kruns one lap in
exactly Kminutes. At time 0 all the horses are together at the taﬂ%int on the track. The
horses start running in the same direction, and they keep run around the circular track at

their constant speeds. The least time S > 0, in minutgSat whieh all 10 horses will again
simultaneously be at the starting point is S = 252(%7 Obe the least time, in
minutes, such that at least 5 of the horses are again a tafting point. What is the sum of the
digits of 12 %

(A)2 (B)3 (C)4 5 (E)6
2017 AMC 10B Proble

An integer Nis selecte tr d&the range 1 S N S 2020 What is the probability
that the remainder when divided by His 12

3 4
S @ oy ®1

2017 1@ B Problem 23

= 123456789101112 . .. 4344be the 79-digit number that is formed by

writing the integers from 1to 44in order, one after the other. What is the remainder when Nis
divided by 40?

(A) 1 (B) 4 (©)9 (D) 18 (E) 44
2016 AMC 10A Problem 22
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For some positive 1ntege§ M, the number 1 101°has 1 10p051t1ve integer divisors, 1ﬁclud1ng 1
and the number 1107°, How many positive integer divisors does the number 811 “have?

(A) 110 (B) 191 (C) 261 (D) 325 (E) 425
2016 AMC 10A Problem 25

How many ordered triples (x7 Y,z )of positive integers satisfy

lem(z,y) = 72, lem(z, z) = 600,,,41lem(y, z) = 900,

(A) 15 (B) 16 (C) 24 (D) 27 (E)@
2015 AMC 10A Problem 25 °

1 a—bmw
probability that the straight-line distance between the poi tleast 2is ¢ , where @, b,

and Care positive integers with ng(a’7 b7 C) :®hat isa—+ b+ co
(A)59 (B)60 (C)6 D) 62 (E) 63

Let Sbe a square of side length 1. Two points are chos@ on the sides of S'. The

2015 AMC 10B Proble &

Let Tlbe a positive integer g at uch that the decimal representation of nlends in k
e

tion of (271,) ‘ends in 3kzeros Let Sdenote the sum of the

zeros and the decimal reptes
S hat is the sum of the digits of S?

four least possible Value

A7 @ (©9 D1 (®)1
2014 A& BProblem 12

T@isor of 27 0147 0007 OOOis itself. What is its fifth largest divisor?
(A) 125,875,000  (B) 201,400,000  (C) 251,750,000 (D) 402,800,000  (E) 503,500, 000

2014 AMC 10B Problem 17

. . 1002 501
What is the greatest power of 2that is a factor of 10 — 4"
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(A) 21002 (B) 21003 (C) 21004 (D) 21005 (E) 21006
2013 AMC 10A Problem 13

How many three-digit numbers are not divisible by 5, have digits that sum to less than 20, and
have the first digit equal to the third digit?

(A)52 (B)60 (C)66 (D)68 (E) 70(0\
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